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EISAGWGH

H bèltisth lÔsh ìpwc parathr jhke apì th grafik  lÔsh,
antistoiqeÐ se mia koruf  sth gewmetrik  apeikìnish tou
efiktoÔ sunìlou.

H mèjodoc Simplex xekin¸ntac apì mia arqik  koruf  mporeÐ
na p�ei se �llec geitonikèc korufèc kat� m koc twn akm¸n
tou polug¸nou tou efiktoÔ sunìlou.

Se k�je met�bash thc mejìdou apì mÐa koruf  se mia �llh
h mèjodoc Simplex katorj¸nei na brei thn akm  pou thn
odhgeÐ se mia koruf , h opoÐa dÐnei beltiwmènh tim  sthn
antikeimenik  sun�rthsh.

Dr. Dhm trhc Bars�mhc M�rtioc 2014 3 / 34



EISAGWGH

H bèltisth lÔsh ìpwc parathr jhke apì th grafik  lÔsh,
antistoiqeÐ se mia koruf  sth gewmetrik  apeikìnish tou
efiktoÔ sunìlou.

H mèjodoc Simplex xekin¸ntac apì mia arqik  koruf  mporeÐ
na p�ei se �llec geitonikèc korufèc kat� m koc twn akm¸n
tou polug¸nou tou efiktoÔ sunìlou.

Se k�je met�bash thc mejìdou apì mÐa koruf  se mia �llh
h mèjodoc Simplex katorj¸nei na brei thn akm  pou thn
odhgeÐ se mia koruf , h opoÐa dÐnei beltiwmènh tim  sthn
antikeimenik  sun�rthsh.

Dr. Dhm trhc Bars�mhc M�rtioc 2014 3 / 34



EISAGWGH

H bèltisth lÔsh ìpwc parathr jhke apì th grafik  lÔsh,
antistoiqeÐ se mia koruf  sth gewmetrik  apeikìnish tou
efiktoÔ sunìlou.

H mèjodoc Simplex xekin¸ntac apì mia arqik  koruf  mporeÐ
na p�ei se �llec geitonikèc korufèc kat� m koc twn akm¸n
tou polug¸nou tou efiktoÔ sunìlou.

Se k�je met�bash thc mejìdou apì mÐa koruf  se mia �llh
h mèjodoc Simplex katorj¸nei na brei thn akm  pou thn
odhgeÐ se mia koruf , h opoÐa dÐnei beltiwmènh tim  sthn
antikeimenik  sun�rthsh.

Dr. Dhm trhc Bars�mhc M�rtioc 2014 3 / 34



EISAGWGH

SuneqÐzontac kat� autì ton trìpo h tim  thc antikeimenik c
sun�rthshc apì koruf  se koruf  belti¸netai kai telik�
ft�noume se mia koruf  ìpou h antikeimenik  sun�rthsh
beltistopoieÐtai.

Opoiad pote �llh koruf  dÐnei qeirìterh lÔsh kai ètsi h
diadikasÐa termatÐzetai.

Dr. Dhm trhc Bars�mhc M�rtioc 2014 4 / 34



EISAGWGH

SuneqÐzontac kat� autì ton trìpo h tim  thc antikeimenik c
sun�rthshc apì koruf  se koruf  belti¸netai kai telik�
ft�noume se mia koruf  ìpou h antikeimenik  sun�rthsh
beltistopoieÐtai.

Opoiad pote �llh koruf  dÐnei qeirìterh lÔsh kai ètsi h
diadikasÐa termatÐzetai.

Dr. Dhm trhc Bars�mhc M�rtioc 2014 4 / 34



EISAGWGH

H mèjodoc Simplex eÐnai mia algebrik  epanalhptik 
diadikasÐa ìpou se k�je b ma èqoume mia nèa basik  efikt 
lÔsh problhm�twn thc morf c:

z = max (f (x)) = cTx

A · x = b

xi ≥ 0 bj ≥ 0

Sth sunèqeia prèpei na exet�soume an h trèqousa basik 
efikt  lÔsh eÐnai kai h bèltisth.

Sunep¸c qreiazìmaste ènan èlegqo gia to an h lÔsh eÐnai h
bèltisth. An eÐnai tìte h diadikasÐa termatÐzetai.
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EISAGWGH

An h trèqousa basik  lÔsh den eÐnai bèltisth tìte
qreiazìmaste mia mèjodo me thn opoÐa ja mporoÔme na
broÔme mÐa kalÔterh basik  bèltisth lÔsh.

H diadikasÐa ja peratwjeÐ wc èna peperasmèno pl joc
bhm�twn, epeid  o arijmìc twn basik¸n efikt¸n lÔsewn eÐnai
peperasmènoc, kai an h lÔsh den epistrèyei se k�poia
prohgoÔmenh telik� ja fj�soume sthn bèltisth.

Shmantikì stoiqeÐo thc mejìdou apoteleÐ kai to gegonìc ìti
entopÐzei kai tic peript¸seic stic opoÐec to prìblhma eÐnai
adÔnato   èqei mh peperasmènh lÔsh.
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O ALGORIJMOS Simplex

To Simplex tableau
H epÐlush twn problhm�twn grammikoÔ programmatismoÔ me ta
Simplex tableau apoteleÐ èna susthmatikì trìpo kataq¸rhshc
twn aparaÐthtwn posot twn, ètsi ¸ste ta anagkaÐa b mata
efarmog c tou algorÐjmou Simplex na mporoÔn na ekteloÔntai me
poio aplì, sÔntomo kai apotelesmatikì trìpo.
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O ALGORIJMOS Simplex

Ta b mata pou akoloujoÔme eÐnai ta ex c:

B ma 1
DiatÔpwsh probl matoc grammikoÔ
programmatismoÔ.

B ma 2
Tupik  morf  probl matoc grammikoÔ
programmatismoÔ.
EAN mporeÐ na sqhmatisteÐ monadiaÐoc pÐnakac me
k�poiec st lec tou pÐnaka A TOTE
p�me sto b ma 3
ALLIWS
prèpei na prosjèsoume sto prìblhma teqnhtèc
metablhtèc ètsi ¸ste na dhmiourghjeÐ o monadiaÐoc
pÐnakac me k�poiec st lec tou pÐnaka A kai na
suneqÐsoume sto b ma 3
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O ALGORIJMOS Simplex

B ma 3
Kataskeu  Simplex tableau

B ma 4
EAN zj − cj ≥ 0 ∀j = 1, 2, . . . , n (Eukairiakì kìstoc)
TOTE
TELOS (�risth lÔsh)
ALLIWS

B ma 5
EAN ∃j : zj − cj > 0 kai yi ,j ≤ 0, ∀i = 1, 2, . . . ,m
TOTE
TELOS (mh peperasmènh lÔsh)
ALLIWS
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O ALGORIJMOS Simplex

B ma 6
Basik  gÐnetai h st lh Pk gia thn opoÐa

zk − ck = max
j
{|zj − cj | : zj − cj < 0}

B ma 7
FeÔgei apì th b�sh h st lh Pr gia thn opoÐa

θ = min
s

{
xi
yi ,k

, yi ,k > 0

}
=

xr
yr ,k

B ma 8
Kajorismìc stoiqeÐou pilìtou yr ,k .
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O ALGORIJMOS Simplex

B ma 9
Qrhsimopoi¸ntac touc tÔpouc (apaloif c):

Γ′
r =

1

yr ,k
Γr

Γ′
i = Γi − yi ,kΓ′

r i 6= r

  isodÔnama
d

kataskeÔase to epìmeno Simplex tableau kai sth
sunèqeia p gaine sto B ma 4.
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O ALGORIJMOS Simplex - PARADEIGMA

DÐnetai to parak�tw prìblhma grammikoÔ programmatismoÔ me
antikeimenik  sun�rthsh

max z = 4x1 + 5x2

kai periorismoÔc

x1 + 2x2 ≤ 4
x1 + x2 ≤ 3

x1, x2 ≥ 0

Na lujeÐ me th bo jeia thc Mejìdou Simplex .
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O ALGORIJMOS Simplex - PARADEIGMA

B ma 2 (Tupik  morf )

max z = 4x1 + 5x2

kai periorismoÔc

x1 + 2x2 + x3 = 4
x1 + x2 + x4 = 3

x1, x2, x3, x4 ≥ 0

dhlad 

A =

(P1 P2 P3 P4

1 2 1 0
1 1 0 1

)
Oi st lec P3 kai P4 sqhmatÐzoun ton monadiaÐo pÐnaka kai
apoteloÔn thn b�sh tou arqikoÔ Simplex tableau .

Dr. Dhm trhc Bars�mhc M�rtioc 2014 13 / 34



O ALGORIJMOS Simplex - PARADEIGMA

B ma 3 (Kataskeu  arqikoÔ Simplex tableau )

4 5 0 0
B ci xi P1 P2 P3 P4

P3 0 4 1 2 1 0 Γ1

P4 0 3 1 1 0 1 Γ2

z

0 − 4 − 5 0 0

Γ3

H gramm  Γ3 perièqei thn tim  thc antikeimenik c sun�rthshc kai
ta eukairiak� kìsth (zj − cj).

UpologÐzoume thn antikeimenik  sun�rthsh z = c1x1 + c2x2 + . . .
sth sunèqeia ta eukairiak� kìsth.
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O ALGORIJMOS Simplex - PARADEIGMA

4 5 0 0
B ci xi P1 P2 P3 P4

P3 0 4 1 2 1 0 Γ1

P4 0 3 1 1 0 1 Γ2

z 0 −4 −5 0 0 Γ3

B ma 4
Ta eukairiak� kìsth den eÐnai ìla mh arnhtik� (p.q.
z1 − c1 = −4 < 0) epomènwc suneqÐzoume sto b ma 5.
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O ALGORIJMOS Simplex - PARADEIGMA

4 5 0 0
B ci xi P1 P2 P3 P4

P3 0 4 1 2 1 0 Γ1

P4 0 3 1 1 0 1 Γ2

z 0 −4 −5 0 0 Γ3

B ma 5
'Olec oi timèc yi ,j tou pÐnaka A eÐnai jetikèc, epomènwc
suneqÐzoume sto b ma 6.
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O ALGORIJMOS Simplex - PARADEIGMA

4 5 0 0
B ci xi P1 P2 P3 P4

P3 0 4 1 2 1 0 Γ1

P4 0 3 1 1 0 1 Γ2

z 0 −4 −5 0 0 Γ3

B ma 6
To eukairiakì kìstoc thc st lhc P1 eÐnai z1 − c1 = −4 < 0 kai
thc P2 eÐnai z2 − c2 = −5 < 0, epomènwc epilègoume thn st lh P2

(k = 2) diìti max{| − 4|, | − 5|} = z2 − c2 kai suneqÐzoume sto
b ma 7.
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O ALGORIJMOS Simplex - PARADEIGMA

4 5 0 0
B ci xi P1 P2 P3 P4 θ
P3 0 4 1 2 1 0

2

Γ1

P4 0 3 1 1 0 1

3

Γ2

z 0 −4 −5 0 0 Γ3

B ma 7
UpologÐzoume ta θ

θ =
xi
yi ,2

=

(
4
3

)
/

(
2
1

)
=

(
4
2

= 2
3
1

= 3

)
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O ALGORIJMOS Simplex - PARADEIGMA
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Epilègoume thn gramm  me to mikrìtero jetikì θ.
EÐnai h gramm  Γ1 (r = 1) pou antistoiqeÐ sth st lh P3.
Epomènwc, feÔgei apì thn b�sh h P2 kai eis�getai h P3 kai
suneqÐzoume sto b ma 8.
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kai dhmiourgoÔme to epìmeno Simplex tableau kai epistrèfoume
sto b ma 4.
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O ALGORIJMOS Simplex - PARADEIGMA

B ci xi P1 P2 P3 P4 θ
P2 5 1 0 1 1 −1
P1 4 2 1 0 −1 2

z 13 0 0 1 3

Apì to telikì Simplex tableau èqoume thn bèltisth lÔsh
(x1, x2) = (1, 2) kai z = 13.
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ANALUSH EUAISJHSIAS - EISAGWGH

H an�lush euaisjhsÐac eÐnai mÐa mèjodoc h opoÐa efarmìzetai
gia na prosdiorÐsei thn euaisjhsÐa thc lÔshc enìc probl matoc
grammikoÔ programmatismoÔ stic metabolèc twn paramètrwn tou.
Sugkekrimèna to Simplex tableau thc �risthc lÔshc mac dÐnei
plhroforÐec pou aforoÔn

thn �risth lÔsh tou probl matoc grammikoÔ
programmatismoÔ

to diaqwrismì twn periorism¸n se desmeutikoÔc   qalaroÔc
'Otan h perij¸ria metablht  xi pou antistoiqeÐ se k�poio
periorismì èqei tim  mhdèn, tìte o periorismìc eÐnai
desmeutikìc. Diaforetik�, o periorismìc eÐnai qalarìc.

tic duðkèc timèc
Oi duðkèc timèc twn periorism¸n sto telikì Simplex tableau
eÐnai oi posìthtec zj − cj pou èqoun oi antÐstoiqec perij¸riec
metablhtèc.
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ANALUSH EUAISJHSIAS - EISAGWGH

to eÔroc aristìthtac twn antikeimenik¸n suntelest¸n
Gia na broÔme to eÔroc aristìthtac enìc antikeimenikoÔ
suntelest  qrhsimopoioÔme thn sqèsh z+ = z + Γjdi me Γj

thn gramm  thc antÐstoiqhc metablht c kai di h metabol 
pou gÐnetai ston antikeimenikì suntelest .

to eÔroc efiktìthtac twn dexi¸n mel¸n twn periorism¸n
Gia na broÔme to eÔroc efiktìthtac enìc dexioÔ mèlouc
periorismoÔ qrhsimopoioÔme thn sqèsh β+ = β + PjDi me Pj

thn st lh thc antÐstoiqhc perij¸riac metablht c kai Di h
metabol  pou gÐnetai sto dexiì mèloc periorismoÔ.
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ANALUSH EUAISJHSIAS - PARADEIGMA

B ci xi P1 P2 P3 P4 θ
P2 5 1 0 1 1 −1
P1 4 2 1 0 −1 2

z 13 0 0 1 3

Apì to telikì Simplex tableau tou paradeÐgmatoc jèloume na
broÔme poioi periorismoÐ eÐnai qalaroÐ kai poioi desmeutikoÐ, tic
duðkèc timèc, to eÔroc aristìthtac gia k�je antikeimenikì
suntelest  kai to eÔroc efiktìthtac gia k�je dexiì mèloc
periorismoÔ.
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ANALUSH EUAISJHSIAS - PARADEIGMA

To Prìblhma GrammikoÔ ProgrammatismoÔ eÐnai

max z = 4x1 + 5x2

kai periorismoÔc

x1 + 2x2 ≤ 4
x1 + x2 ≤ 3

x1, x2 ≥ 0

to opoÐo metatr�phke sthn tupik  morf 

max z = 4x1 + 5x2

kai periorismoÔc

x1 + 2x2 + x3 = 4
x1 + x2 + x4 = 3

x1, x2, x3, x4 ≥ 0

me perij¸riec metablhtèc thn x3 pou antistoiqeÐ ston pr¸to
periorismì kai thn x4 pou antistoiqeÐ sto deÔtero periorismì.
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ANALUSH EUAISJHSIAS - PARADEIGMA

B ci xi P1 P2 P3 P4 θ
P2 5 1 0 1 1 −1
P1 4 2 1 0 −1 2

z 13 0 0 1 3

Apì to telikì Simplex tableau èqoume ìti x3 = 0 kai x4 = 0
epomènwc kai oi duo periorismoÐ eÐnai desmeutikoÐ.
H duðk  tim  tou pr¸tou periorismoÔ eÐnai to eukairiakì kìstoc
tou telikoÔ Simplex tableau z3 − c3 = 1 kai tou deÔterou
periorismoÔ z4 − c4 = 3 antÐstoiqa.
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ANALUSH EUAISJHSIAS - PARADEIGMA

B ci xi P1 P2 P3 P4 θ
P2 5 1 0 1 1 −1
P1 4 2 1 0 −1 2

z 13 0 0 1 3

Gia to eÔroc aristìthtac tou antikeimenikoÔ suntelest  c1 èqoume

z+ = z+Γ2d1 = (1, 3)+(−1, 2)d1 ⇒
1− d1 ≥ 0

3 + 2d1 ≥ 0

}
⇒ d1 ≤ 1

d1 ≥ −3
2

}
dhlad  c1 ∈ [5

2
, 5].

Gia to eÔroc aristìthtac tou antikeimenikoÔ suntelest  c2 èqoume

z+ = z +Γ1d2 = (1, 3)+(1,−1)d2 ⇒
1 + d2 ≥ 0
3− d2 ≥ 0

}
⇒ d2 ≥ −1

d2 ≤ 3

}
dhlad  c2 ∈ [4, 8]
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ANALUSH EUAISJHSIAS - PARADEIGMA

B ci xi P1 P2 P3 P4 θ
P2 5 1 0 1 1 −1
P1 4 2 1 0 −1 2

z 13 0 0 1 3

Gia to eÔroc efiktìthtac tou dexioÔ mèlouc periorismoÔ b1 èqoume

β+ = β+P3D1 =

(
1
2

)
+

(
1
−1

)
D1 ⇒

1 + D1 ≥ 0
2− D1 ≥ 0

}
⇒ D1 ≥ −1

D1 ≤ 2

}
dhlad  b1 ∈ [3, 6].
Gia to eÔroc efiktìthtac tou dexioÔ mèlouc periorismoÔ b2 èqoume

β+ = β+P4D2 =

(
1
2

)
+

(
−1
2

)
D2 ⇒

1− D2 ≥ 0
2 + 2D2 ≥ 0

}
⇒ D2 ≤ 1

D2 ≥ −1

}
dhlad  b2 ∈ [2, 4].
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PARADEIGMA

DÐnetai to parak�tw prìblhma grammikoÔ programmatismoÔ me
antikeimenik  sun�rthsh

max z = 3x1 + 8x2

kai periorismoÔc

x1 + 3x2 ≤ 24
x1 + 2x2 ≤ 20

x1, x2 ≥ 0

Na lujeÐ me th bo jeia thc Mejìdou Simplex kai na gÐnei an�lush
euaisjhsÐac.
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