
Teqnologikì Ekpaideutikì Idruma Kentrik c MakedonÐac -

Sèrrec

Tm ma Mhqanik¸n Plhroforik c

Grammikìc Programmatismìc &

BeltistopoÐhsh

Dr. Dhm trhc Bars�mhc
Kajhght c Efarmog¸n

M�rtioc 2014
Dr. Dhm trhc Bars�mhc M�rtioc 2014 1 / 29



GRAMMIKOS PROGRAMMATISMOS & BELTISTOPOIHSH

1 TUPIKH MORFH PROBLHMATWN GRAMMIKOU
PROGRAMMATISMOU

2 BASIKES LUSEIS

Dr. Dhm trhc Bars�mhc M�rtioc 2014 2 / 29



EISAGWGH

'Ena prìblhma grammikoÔ programmatismoÔ eÐnai to
prìblhma thc megistopoÐhshc miac grammik c sun�rthshc ( 
elaqistopoÐhshc miac sun�rthshc), h opoÐa exart�tai apì
èna sÔnolo metablht¸n apìfashc, me thn proôpìjesh ìti
throÔntai k�poioi periorismoÐ wc proc tic timèc twn
metablht¸n aut¸n, oi opoÐoi ekfr�zontai mèsa apì èna
sÔnolo grammik¸n isot twn kai/  anisot twn. O pio
diadedomènoc trìpoc anapar�stashc (kaleÐtai genik 
morf -general form ) enìc grammikoÔ probl matoc.
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EISAGWGH

Majhmatik  anapar�stash tou P.G.P.
Antikeimenik  sun�rthsh

max   min z = c1x1 + c2x2 + . . .+ cnxn

kai periorismoÔc

a1,1x1 + a1,2x2 + . . .+ a1,nxn {≤,=,≥} b1
a2,1x1 + a2,2x2 + . . .+ a2,nxn {≤,=,≥} b2

...
am,1x1 + am,2x2 + . . .+ am,nxn {≤,=,≥} bm

x1, x2, . . . , xn ≥ 0
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TUPIKH MORFH P.G.P.

An kai h gewmetrik  ermhneÐa twn problhm�twn eÐnai arket�
shmantik  den mporeÐ na qrhsimopoihjeÐ gia ìla ta
probl mata grammikoÔ programmatismoÔ kai autì giatÐ
sthn pr�xh ta perissìtera probl mata grammikoÔ
programmatismoÔ èqoun perissìterec apì dÔo metablhtèc.

H kÔria mèjodoc epÐlushc problhm�twn grammikoÔ
programmatismoÔ eÐnai h mèjodoc Simplex , ènac algìrijmoc
aristopoÐhshc o opoÐoc qarakthrÐzetai apì èna arijmì
epanalambanìmenwn bhm�twn ta opoÐa mporoÔn na
kwdikopoihjoÔn ston H/U.

Proôpìjesh gia thn efarmog  thc mejìdou Simplex se èna
p.g.p. eÐnai o metasqhmatismìc tou sthn tupik  tou morf .
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TUPIKH MORFH P.G.P.

Orismìc

'Ena p.g.p. eÐnai se tupik  morf  an

eÐnai prìblhma megistopoÐhshc

ìloi oi periorismoÐ eÐnai exis¸seic me mh arnhtikoÔc touc
stajeroÔc oroÔc (dexi� mèlh periorism¸n)

ìlec oi metablhtèc eÐnai mh arnhtikèc
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TUPIKH MORFH P.G.P.

'Ara h tupik  morf  tou probl matoc grammikoÔ
programmatismoÔ eÐnai h ex c:
Antikeimenik  sun�rthsh

max z = c1x1 + c2x2 + . . .+ cnxn

k�tw apì touc periorismoÔc

a1,1x1 + a1,2x2 + . . .+ a1,nxn = b1
a2,1x1 + a2,2x2 + . . .+ a2,nxn = b2

...
am,1x1 + am,2x2 + . . .+ am,nxn = bm

x1, x2, . . . , xn ≥ 0

b1, b2, . . . , bm ≥ 0
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TUPIKH MORFH P.G.P.

Gia na mporèsoume na lÔsoume èna p.g.p. ja prèpei pr¸ta
na to metatrèyoume sthn tupik  tou morf 

K�je prìblhma grammikoÔ programmatismoÔ mporeÐ na
anaqjeÐ sthn tupik  morf  me thn qr sh stoiqeiwd¸n
metasqhmatism¸n
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TUPIKH MORFH P.G.P.

Perij¸riec metablhtèc

PeriorismoÐ pou ekfr�zontai me anis¸seic mporoÔn na
metatrapoÔn se exis¸seic me thn eisagwg  nèwn mh
arnhtik¸n metablht¸n oi opoÐec mporoÔn na metatrèyoun tic
anis¸seic se exis¸seic. Oi metablhtèc autèc onom�zontai
perij¸riec.

Up�rqoun dÔo eÐdh perij¸riwn metablht¸n oi qalarèc kai oi
pleonasmatikèc.
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TUPIKH MORFH P.G.P.

Qalar  metablht 

Se èna periorismì thc morf c ai ,1x1 + ai ,2x2 + . . .+ ai ,nxn ≤ bi
jewroÔme mia nèa metablht  xr ≥ 0, h opoÐa prostÐjetai sto
pr¸to mèloc thc anisìthtac ¸ste na èqoume thn isìthta:

ai ,1x1 + ai ,2x2 + . . .+ ai ,nxn + xr = bi

me xr ≥ 0.

Pio apl�, prosjètoume mia nèa mh arnhtik  metablht  sto
pr¸to mèloc ètsi ¸ste ta duo mèlh na gÐnoun Ðsa.

Ja onom�zoume thn xr ≥ 0 mia perij¸ria qalar  metablht .

Dr. Dhm trhc Bars�mhc M�rtioc 2014 10 / 29



TUPIKH MORFH P.G.P.

Gia par�deigma ènac periorismìc thc morf c

x1 + 5x2 + 7x3 ≤ 6

ja grafeÐ sthn morf 

x1 + 5x2 + 7x3 + x4 = 6

ìpou h x4 ≥ 0 eÐnai mia qalar  metablht .
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TUPIKH MORFH P.G.P.

Pleonasmatik  metablht 

Se èna periorismì thc morf c ai ,1x1 + ai ,2x2 + . . .+ ai ,nxn ≥ bi
jewroÔme mia nèa metablht  xs ≥ 0, h h opoÐa afaireÐtai
apì to pr¸to mèloc thc anisìthtac ¸ste na èqoume thn
isìthta:

ai ,1x1 + ai ,2x2 + . . .+ ai ,nxn − xs = bi

me xs ≥ 0.

Pio apl�, afairoÔme mia nèa mh arnhtik  metablht  sto
pr¸to mèloc ètsi ¸ste ta duo mèlh na gÐnoun Ðsa.

Ja onom�zoume thn xr ≥ 0 mia perij¸ria pleonasmatik 
metablht .

Dr. Dhm trhc Bars�mhc M�rtioc 2014 12 / 29



TUPIKH MORFH P.G.P.

Gia par�deigma ènac periorismìc thc morf c

x1 + 3x2 + 5x3 ≥ 10

ja grafeÐ sthn morf 

x1 + 3x2 + 5x3 − x4 = 10

ìpou h x4 ≥ 0 eÐnai mia pleonasmatik  metablht .
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TUPIKH MORFH P.G.P.

Metasqhmatismìc probl matoc elaqistopoÐhshc

'Otan zht�me na prosdiorÐsoume to el�qisto thc
antikeimenik c sun�rthshc

z = f (x) = c1x1 + c2x2 + . . .+ cnxn

tìte jètoume f (x) = −g(x) kai megistopoioÔme thn
sun�rthsh g(x).
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TUPIKH MORFH P.G.P.

Metasqhmatismìc probl matoc elaqistopoÐhshc

Epomènwc ja isqÔei

min(f (x)) = −max(g(x))−max(−f (x))

dhlad ,

−max(−f (x)) = −max(−c1x1 − c2x2 − . . .− cnxn)

Gia par�deigma h min(x1 + 2x2 + 5x3) ja gÐnei

−max(−x1 − 2x2 − 5x3)
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TUPIKH MORFH P.G.P.

Metablhtèc qwrÐc periorismì sto prìshmo

Autèc oi metablhtèc xi ∈ R den upìkeintai ston periorismì
xi ≥ 0.
Sthn perÐptwsh aut  jètoume

xi = x ′i − x ′′i

ìpou x ′i , x
′′
i ≥ 0.

Metablhtèc arnhtikèc

An h metablht  xi eÐnai mh jetik  (xi < 0), jètoume

xi = −x ′i

ìpou x ′i ≥ 0.
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TUPIKH MORFH P.G.P.

Gia par�deigma e�n èqw ton periorismì

x1 + 3x2 + 5x3 = 10

me x1 ≥ 0, x2 ≤ 0 kai x3 agn¸stou prìshmou, tìte jètw x2 = −x ′2
kai x3 = x ′3 − x ′′3 kai o periorismìc gÐnetai

x1 − 3x ′2 + 5x ′3 − 5x ′′3 = 10

ìpou x1, x
′
2, x

′
3, x

′′
3 ≥ 0.
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TUPIKH MORFH P.G.P.

ArnhtikoÐ stajeroÐ ìroi (dexi� mèlh) se periorismoÔc

E�n se k�poio periorismì o stajerìc ìroc eÐnai arnhtikìc
tìte pollaplasi�zontac me (−1) gÐnetai jetikìc.
Dhlad  o periorismìc

x1 + 3x2 + 5x3 = −10

ja gÐnei
−x1 − 3x2 − 5x3 = 10
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TUPIKH MORFH P.G.P. - PARADEIGMA

DÐnetai to Prìblhma GrammikoÔ ProgrammatismoÔ me
antikeimenik  sun�rthsh

min(2x1 + x2 − x3)

kai periorismoÔc

x1 + 2x2 − x3 ≤ 11
x1 − x2 + x3 = −1
−2x1 − 3x2 + 4x3 ≥ 8

x1 ≥ 0, x2 ≤ 0, x3 ∈ R

Na grafeÐ sthn tupik  tou morf .
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BASIKES LUSEIS

'Ena p. g. p. mporeÐ na grafeÐ me thn bo jeia pin�kwn wc
ex c:

z = max (f (x)) = cTx

A · x = b

xi ≥ 0 bj ≥ 0

Sthn tupik  morf  tou probl matoc to sÔsthma Ax = b èqei
n metablhtèc kai m grammikèc exis¸seic me m < n.
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BASIKES LUSEIS

Orismìc

Basik  lÔsh eÐnai mÐa lÔsh pou prokÔptei an jèsoume n −m
metablhtèc Ðsec me to mhdèn kai lÔsoume wc proc tic upìloipec m
metablhtèc upì ton ìro to grammikì sÔsthma pou prokÔptei na
perilamb�nei m apì tic st lec (dianÔsmata) tou pÐnaka A ètsi
¸ste ta dianÔsmata aut� na eÐnai grammik¸c anex�rthta.

Dhlad  o pÐnakac A na perièqei ènan upopÐnaka di�stashc
mxm pou onom�zetai basikìc pÐnakac kai sumbolÐzetai me B .

O arijmìc twn basik¸n lÔsewn enìc p. g. p. eÐnai
peperasmènoc kai to polÔ(

n

m

)
=

n!

m!(n −m)!
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BASIKES LUSEIS

Orismìc

Basik  efikt  lÔsh eÐnai mÐa basik  lÔsh ìpou ìlec oi
basikèc metablhtèc eÐnai mh arnhtikèc.

Gia na broÔme to sÔnolo twn basik¸n lÔsewn enìc p. g. p.
prèpei na akolouj soume ta parak�tw b mata

Upologismìc pl jouc basik¸n lÔsewn

EpÐlush twn susthm�twn pou prokÔptoun apì ton mhdenismì

twn n −m metablht¸n gia ìlouc touc sunduasmoÔc

Diaqwrismìc twn efikt¸n basik¸n lÔsewn
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BASIKES LUSEIS - PARADEIGMA

Na brejoÔn oi basikèc lÔseic tou sust matoc

x1 + 2x2 − 3x3 + x4 = 7

2x1 − 7x3 + x4 = 9

me x1, x2, x3, x4 ≥ 0.
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BASIKES LUSEIS

Me thn bo jeia twn basik¸n lÔsewn, èqoume ènan algebrikì
trìpo lÔshc gia probl mata grammikoÔ programmatismoÔ.
H mejodologÐa autoÔ tou trìpou ulopoieÐtai me ta
parak�tw b mata:

1 Metatrop  sthn tupik  morf  tou probl matoc grammikoÔ

programmatismoÔ.
2 EÔresh ìlwn twn basik¸n lÔsewn tou probl matoc.
3 Entopismìc metaxÔ aut¸n, twn basik¸n efikt¸n lÔsewn.
4 EÔresh thc basik c efikt c lÔshc (basik¸n efikt¸n lÔsewn)

h opoÐa megistopoieÐ thn antikeimenik  sun�rthsh.
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BASIKES LUSEIS

To meionèkthma aut c thc mejìdou eÐnai ìti èqoume pollèc
peript¸seic, akìmh kai gia mikroÔ megèjouc probl mata.

p.q. gia n = 20 metablhtèc kai m = 10 periorismoÔc èqoume
to polÔ(

n

m

)
=

n!

m!(n −m)!
=

20!

10!(20− 10)!
= 184756

basikèc lÔseic, oi opoÐec eÐnai adÔnaton na brejoÔn me thn
parap�nw mèjodo lÔshc
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BASIKES LUSEIS - PARADEIGMA

DÐnetai to parak�tw prìblhma grammikoÔ programmatismoÔ me
antikeimenik  sun�rthsh

max z = 4x1 + 5x2

kai periorismoÔc

x1 + 2x2 ≤ 4
x1 + x2 ≤ 3

x1, x2 ≥ 0

Na brejoÔn ìlec oi basikèc lÔseic tou probl matoc kai èpeita na
brejeÐ h �risth lÔsh.

Dr. Dhm trhc Bars�mhc M�rtioc 2014 26 / 29



BASIKES LUSEIS - PARADEIGMA

LÔsh
Basikèc

Metablhtèc
EÐdoc LÔshc

1 (x1, x2, x3, x4) = (0, 0, 4, 3) (x3, x4) = (4, 3)
basik  efikt 

lÔsh

2 (x1, x2, x3, x4) = (0, 2, 0, 1) (x2, x4) = (2, 1)
basik  efikt 

lÔsh
3 (x1, x2, x3, x4) = (0, 3,−2, 0) (x2, x3) = (3,−2) basik  lÔsh
4 (x1, x2, x3, x4) = (4, 0, 0,−1) (x1, x4) = (4,−1) basik  lÔsh

5 (x1, x2, x3, x4) = (3, 0, 1, 0) (x1, x3) = (3, 1)
basik  efikt 

lÔsh

6 (x1, x2, x3, x4) = (2, 1, 0, 0) (x1, x2) = (2, 1)
basik  efikt 

lÔsh
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BASIKES LUSEIS - PARADEIGMA

(x1, x2, x3, x4) ShmeÐo

1 (0, 0, 4, 3) O
2 (0, 2, 0, 1)
3 (0, 3,−2, 0)
4 (4, 0, 0,−1)
5 (3, 0, 1, 0)
6 (2, 1, 0, 0)
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BASIKES LUSEIS - PARADEIGMA 2

DÐnetai to parak�tw prìblhma grammikoÔ programmatismoÔ me
antikeimenik  sun�rthsh

max z = 5x1 + 3x2

kai periorismoÔc

3x1 + 5x2 ≤ 15
5x1 + 2x2 ≤ 10

x1, x2 ≥ 0

Na brejoÔn ìlec oi basikèc lÔseic tou probl matoc kai èpeita na
brejeÐ h �risth lÔsh.
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